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A least-squares refinement procedure is developed in which different groups of parameters are defined
with respect to different axial systems. The parameters are refined by describing the reciprocal-lattice
vector for a given reflexion with respect to the relevant axial system for each refinable parameter. With
this procedure features of the structure can be refined in the space most suitable for their description and
correlations between parameters are either reduced or at least more readily understood. Constrained
refinement is much simpler algebraically and can be made to be extremely flexible.

Introduction

It has been traditional to describe crystal structures in
terms of axial systems imposed by the repeating nature
of the crystal using basis vectors a; and a correspond-
ing set of reciprocal-space vectors b, where a; . b, =0y
Ou=0if j#£k, 6y =1if j=k; j k=1 to 3).

However there is no need to be restricted to such
an axial system. For example we can consider a real-
space set of basis vectors A; and a corresponding set
of basis vectors in reciprocal space B, where A; . B, =
Oy If a; . B,=Rj, it follows that

a;= % RyA,, By= Z Ryb;,
i

A= Z (R~ a;, b= Z (R™1);By
J k

and
bj . Ak=(.R_l)kj

2 Ri(R™ Ny=0 -
k

where

Any point r in real space may be described as

r= x'a;=> X*A,
j &
where
X"=ijRjk and xj=sz(R_1)kj .
J k

Any point S in reciprocal space may be described as
1
S= jz hjbj—_- E kz thk
where
tk=27[2 (R_l)k"hj and 2th=ZRJktk .
7 P

If we have two different sets of orthonormal basis
vectors in real space with corresponding vectors in
reciprocal space then A,=B,, ?A;,=’B, and A,=

szk,pAl Where pUkl=Ak . pBl:Bk . pAl. If we de‘
]
scribe any point r in real space as

r= Z ”X“’A,
1

and any point S in reciprocal space as

1
S=- > B
27:? P
then
le: Z kaUkl and ptl= z (pU_l)lktk= 2 pUkltk .
k k k

Also a;= PR;”A, etc. where
1
pRﬂ= Z RjkpUkl .
k

The characteristic function or Fourier transform of
a probability density function of the position of an
atom in a crystal is expressible in the form



wa(S)=exp (i Z Yedti+ — z ikt ity

Z Skttt + —

Jkim
Myttt ..
3‘ i 4 z o

Jklm

D) (M

where i2=—1 and the first four cumulant tensors x,, %,
3k, e, describe the mean, the variance covariance, the
skewness and the kurtosis of the nth probability den-
sity function. The relationship between this and other
descriptions of thermal motion is discussed by John-
son (1970). Equation (1) is obtained by describing the
reciprocal-lattice vector as

1
S=ZE kzthk.

Pawley (1972) has pointed out that there is no reason
why the cumulant tensors cannot be refined in an or-
thonormal space. The tensor quantities x, are defined
in units of (A)* if we use orthonormal bas1s vectors
when |A,|=1 A. Pawley advocates the use of a single
axial system (Patterson, 1959) in which A,=a,/a,,
A,=A;x A, and A;=Db,/b;, making

a, 0 0
Ry=|a,cosa, az.sin o3 0
a;cosa, —azsina,cosf; 1/b,

where «;,f; are the interaxial angles of the crystallo-
graphic unit cell in real space and reciprocal space
respectively. This choice contrasts with the orthonor-
mal basis vectors B;=b,/b;, B,=B;xB,, and B;=
a;/a; used by Busing & Levy (1967) as a reference
frame for data collection.

It should be pointed out however that Miller indices
are still the obvious way to index reflexions and that
probability density maps can be calculated much more
rapidly using Miller indices and fractional coordinates.

The real benefits of orthonormal axial systems are
noted when attempts are made to analyse thermal par-
ameters (Schomaker & Trueblood, 1968) and when
constraints are used in the least-squares refinement
(Pawley, 1972) since the algebra is then simplified. The
evaluation of principal axes of vibration (Waser, 1955;
Busing & Levy, 1958) and the graphical representation
of structures (Johnson, 1965) is also much simplified.

However the real reason for transforming a refine-
ment problem is to reduce correlations between re-
finable parameters so that little error will occur in par-
ameters when other parameters are either held con-
stant or omitted. For each refinement cycle we need
to set up least-squares equations requiring the evalua-
tion of 0F(S)/du, for various parameters u,.

If the parameters u, are described with respect to
different axial systems then JF(S)/0u, is most easily
evaluated by describing the reciprocal-lattice vector S
relative to the axes associated with u,. Since F(S) is
formed as the sum of various products of terms depen-
dent on (8S), the parameters describing each term may
be associated with any axial choice, provided the axial
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choice is known. Failure to recognize this fact has led

to the unnecessary complication of the algebra of
group refinements by saying

oF(S) JF(S) ov,

du, = O, c')uq

@

where both S and the parameters v; are defined with
respect to a fixed reference frame of axes. However
parameters need never be defined with respect to a
common reference frame unless so desired.

Parameters u, need only be described in terms of
other parameters v, if we wish to use parameters which
are combinations of parameters on different atoms and
this combination may be evaluated using parameters
v; which are themselves defined with respect to what-
ever reference frame of axes most simplifies the evalua-
tion of dv;/du,.

The advantages of refining parameters other than
those associated with a single reference frame of axis
are:

(a) the results of refinements can be much more
readily described,

(b) the application of constraints has greatly sim-
plified algebra, and

(¢) correlations between parameters may be reduced
and more readily understood.

Theory

If (6,,d,) is a symmetry operation where (0,,d,)r=
Onr+d,, then the structure factor may be described as

F(S)=SF,(S) where

a, is the occupancy factor, £,(S) the scattering factor
and y,(S) the Fourier transform of the probability
density function of an atom in the asymmetric unit.
The use of the crystallographic unit-cell axial system

simplifies the evaluation of d,,.S and 6,'S=>h,b,
J
where the 4,,; values are simple combinations of the

Miller indices (Busing, Martin & Levy, 1962).
From (1) it is seen that

In w,(S)=i Z Ut +
) Z 3
Jkl
and since z,//,,(S)=exp (In w,(S)] it follows that

20 2 1n y,(S)
R

z 2 ety

l4
a2

* Jklm

kg bt + S MMt bt 4)

and
aF (S)
Ou,

2 exp (2zid,, . S)a, f,(S)y.(0;1S)
x 0 Infa,y (0 'S)l/0u, . (5)
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If we describe the gth parameter u, with respect to the
pth orthonormal axial system, then 6;'S=>"t,,"B,
]

where
pBl:pA[ = Z RjkpUklbj— Z pUkl(R )kJ
q Jk Jjk
an
Ptim= 2, "Ut(R ™ isftms - (©)

ik
The pth orthonormal axial system is related to the
axial system A,;=a,/a;, A,=A;xA,, A;=by/b; [A,=
B,=2(R™")a;] by the pth unitary transformation

J
th = Z” UiBy.
k

If a crystal structure has an inversion centre at the
origin of the unit cell then 6,,;'S= —S for this sym-
metry operation and w,(—S)=w,(S) where y;(S) is
the complex conjugate of ,(S). Thus two centrosym-
metrically related atoms make a contribution to F(S)
of f,(S)a,[w.(S)+w,;(S)] and the differential of this
contribution with respect to u, is

) [ (P09

Uy auq

Refinement of the reference frame

We can describe the reciprocal-space vector S with
respect to estimates of the pth axial system by saying

27[S: Z p?lpﬁl: Z pthBl
! !

where

Pfy = Z 1PV, "By= z ?Vu’B;  and

j k
IZ ijlkalzéjk .
The PB; are the initial choice of axis directions and the
PR, are the directions of the best choice of the pth axial
system for describing the parameters associated with it.
For the pth reference frame

C; S; 0 C, 0 -8, 1 00
ijk= _S3 C3 0 0 1 0 0 C]_ Sl
0 0 1 ;0 G/ \0 -8 C

GG, C385,81+ 8:C, —C38,C+ 858,
= —S3C2 —S3SZSI+C3C1 S3SZC1+C3SI ) (7)
S, -GS, GG ,

where C;=cos ¢;, S;=sin ¢;, i=1 to 3. We see that if
C3=S2=C1=1 then

0 0 -1
ijk=(o I o)
I 0 O
and
-0, 0u+0i3 0
0%V /0p; = ( 0 0 5:1+5i3)
0 0 —0;

REFINEMENT USING A NUMBER OF ORTHONORMAL AXIAL SYSTEMS

This possible ill-conditioning of matrices describing
axial transformations is well known. However this
problem is minimized by describing the axis transfor-
mation relative to the initial directions for the axes in
the unit cell rather than to the unit cell itself. In this
instance our initial values of ¢; are zero, making ?V ;=

J; and ?V ;. /dp;=¢;;, where ¢;;,= +1 for a cyclic per-
mutation of 1,2,3, ¢ ;= —1 for a non-cyclic permuta-

tion of 1,2,3, and ¢;;, =0 otherwise. The approxima-
tion PV ~d,+ 2epde; implied by the least-squares
i

refinement takes no account of the sequence of the
three matrices making up ?V;, but this effect is small
if 4p,; is small. The ill-conditioning is minimized by
putting the matrices in a sequence where the smallest
dp; is associated with the second matrix when (7) is
used to give the new axial directions ?B,=7A,=

Z”U,-,Aj where ”U,-,——% UyPViy and A;=B; are the
J

orthonormal axes a,/a;,A; x A;,b;/b; to which all the
unitary transformations are referred.

Positional parameters

Positional parameters are associated with the first term
in the expansion of In ,(S) described in (4). This term
may be expressed as 2zir, .S and r,="R+7’r, where
PR is the position of the origin of the pth axial system
in real space and Pr, is the position of mean of the
probability density function of the nth atom measured
relative to the origin of the pth axial system.

We define the positional parameters using the most
convenient axial systems. If we define r, by the best
orientation of the pth axial system then

pR= Z ngpAk and ”r,z = Z pXﬁpAk .
k k

We define 2zS using the initially assumed orienta-
tion of the pth axial system saying 22S=2"1B;. These

J .
directions are related by the transformation ”B,=
PA,=2PV;PB; where PV is described in terms of par-
J
ameters ¢; in (7).
Thus

2nir, . S=i Y (PX§+PXE) PV,
kj

and from (5) we see that this term makes a zero con-
tribution to the evaluation of JF(S)/ou, unless u,=

PX5PX] or ¢, Thus
Q2nir, . S)y=i > (PX{+"X])t,
J

Q2nir, .S Qmir, .S\
Caxi ), = o), =
and from (7) when all ;=0
d2nir, . S
TR Y . j(py2ps _pY3DP
( 3(01 )0 l( Xn t Xn t2)
(8273;;12.: S_)O — — I(pX’:i Ptl""lell pt3)
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and
(w) =—i(°X} ?t,— "X} *t)) ®
093

where the subscript 0 implies evaluation for the initial
values.

Higher-order cumulants

The higher-order terms in the expansion of In y,(S)

are associated with the distribution of the probability

density function of the nth atom about its mean and

may be described with respect to any axial system.

IfAk= szklpAl then ptl :ZpUkltk and tk=szklptl. The
1 k ]

values of the components of the cumulant tensors
depend on the axial directions chosen to evaluate ¢,.
Thus

XY =2, XU, Xi=2 PXi U,
§ 5

J
2,0k 2.0k 2,0k __ 2 'k’
2kiM =3 Uk U, P U, gt =2 2Ki™ U, P U,
Jjk J'K

3,0 N 3, ki
> —z kgt PU, ;2 Upge? Uy
Kl
Bkl 3,0k
Kyt = Zpki PUPUP Uy ete, )
e

where the symbol p denotes the reference frame for
the cumulant and the omission of this symbol implies
the orthonormal axes a,/a,A; X A,,bs/b;. Each tensor
is invariant to pairwise interchange of the indices so
that for a site of symmetry 1 there are 3, 6, 10, 15
unique elements for tensors of order 1, 2, 3, 4 respec-
tively. The components may be arranged so that
Jj<k<I<m and each component given a multiplicity
corresponding to the number of distinguishable se-
quences of jkim.

It is possible to contemplate refinement of the values
and directions of the three principal axes of vibration
as six refinable parameters but such a procedure is
dangerous as most atoms are approximately isotropic.
However it is possible to constrain the higher-order
cumulants. For the cumulant tensor of order s an ar-
tificial point symmetry can be assumed for the atom
site, imposing restrictions on the possible components
of this tensor. This is most easily done if the axial sys-
tem is made to coincide with the most convenient direc-
tions for the simplification of the tensor. In this way
it is easy to include higher-order cumulants without
over-parametrizing the refinement problem.

Indeed it is possible to choose variables to describe
the higher-order cumulants such that the imposition
of a symmetry constraint simply implies that certain
of the variables are zero.

Thus

> et te= Ayt + 13+ 13+ A 33— 13— 1))
Jk

+ A3+ A28+ A2t t+ Ag2t,t,  (10)

making

A C3lA -3*
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21C12=A4 s 2K13=A5 s

KM =Ay— A2+ 45,

2K22=A1—A2/2_A3 Py

KB=A,+A4,,

Al =_%_(2K11+2K22+2K33) s

A2 =K33—%(2K11 +2K22+2K33) s

A; =3Cx—-%2) . (11
Ze!t, 222 233 have multiplicity 1 and 2k!?, 213, 22
have multiplicity 2. If we choose the pth axial system
to make the primary axis of the imposed point sym-
metry parallel to PA; and the secondary axis parallel
to PA; then for the following centrosymmetric point

symmetries we only need to refine the parameters given
in Table 1.

B g

Table 1. A parameters to be refined

Laue symmetry Parameters
T A1A2A3A4A5A6
2/m A1A2A3A4
mmm A1A2A3
3, 3m, 4/m, 4/ mmm, 6]m, 6|mmm A;A,
m3, m3m Ay

Also

> Mt = By(Dn 3+ 15+ 13)
Jjki

+ Bt +15+1D)+ By Dt +13+13)
+ B 6ttt + Bst,(3t3—tH) + Bet, (3t 21—t
+ Bit,(3t—1t3)+ Bgt,(3t53—1t3) + Bots(3t 1 —13)
+Bot3(3t3—13)
making
"'=(3)B;—B;—Bs, *)**=(3)B,—B;—Bjs,
¥ =(3)B;—By— By, *k'*=(})B;+Bs,
M'=(4)B;+B;, *)*'=@{)B;3+B,,
' ¥={)B1+Bs, *(**=(})B2+Bs,
3K322=(J§)B;+Bio s Bi=3K111+3K122+3K133 ,
B;=3K211+3K222+3K233 , B:;=3K311+3K322+3K333
¥ B¥=B,. 12)

However, although these functions have a certain
attractiveness, it is better to use the expression

%%"“tﬁkn =Bt} + 15+ 1)+ B0t +13+13)

J+Bs(%)t3(tf+ 13+13)+ Bi6t 1,15+ Bst (11— 3t3)

+ Bs3t,(t3—t3) + Byty(t,— 3t + B3, (13— 1))

+ Bo3[5t3—3t3(t1 + 13+ 1))+ Bio3t3(11 - 13)
where

(11—t =64[(t,+ 1,)/V2] [t,— 1)/ V2]

=13(t3 -3t — 1,3 31D)

and

(13)
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and Ci=F) (C{+C/+C3),
S8=36( 1+ 13+ 1) =1(e3-3t) +15(13-3t)) . C:=® (C5-Cy,
We then obtain . Ci;=(®(C/-CH)2,
=3B+ Bs, k*=3)B,+5,, Cr=x"2—(35) (4C{ +4C; ~C3),
k¥ =(3)B3+ 39 k' =(})B,— Bs— B, Cy=x"¥—(F5) (4C, - C7 +4C3),
211—(1)32 =By, *"'=(1)By—1}By+ By, Co=r3—(3) (= C{ +4C; +4CY),
k3 =(1)B, + 86 , ¥3¥=1)B,+B;, where
3K322 — (%)BS_%B9_ BIO R Bl =3K111 + K122 +3K133 s Ci' =4K1111 + 4K1122 +4K1133 s
B2=3 211 + 3K222 + 3K233 s B3 — 3K3ll + 3K322 + 3K333 , C'2' —_ 4K2211 + 4K2222 + 4K2233 s
BIO ‘L(3K311 3K322) and 3K123 — B4 . (14) C;' — 4K3311 + 4K3322 + 4K3333
3lll | 3,222 3,333 have multiplicity 1, 3x'22, 333, and
3, 3238, 33U 3322 have multiplicity 3 and 3«!% has 4B = (1Cy —Cio—~Cly

multiplicity 6. 322 D ,
If we choose the pth axial system to coincide with KPR=(4)Cs' - C,~Cs,

the imposed point symmetry as before then we only 41<:23“=(l)C;'—C w—Cis, WM =HC/+Cyo,

need to refine parameters in Table 2. K =(3)CY +Clpy WB2=(3)CL +Cl,

=Y +Clr, WIB=@CF +Cis,

Table 2. B parameters to be refined BB (3)CY +Cler Com(§CL . Cim(§)CL

Point symmetry Parameters

1 B.B; B3 ByBs BBy By By By Cs=(HCs »
m 313233343536373839310 where
3 B3 Bs B7 _39 C;'=4K1211+4K1222+4K1233 s
gn';nZ g; B, g:Bw Cy =431l 4 41322 | 4,133
g ' B4Bs B, By Cy =Pl 4 4232 4 4,233 (15)
gvzg’”g:’n’z?szg:”g m BJB., By 4ellll 4,2222 4,3333 have multiplicity 1, 4121, 41222,
32, m2 B, K.1311 41(:1333 4K2322 42333 have multlpllclty 4 4 1122
422, 432, 622, T None 4pl133 ) 42233 have mu1t1p11c1ty 6 and 4!%33 4K‘322 “x”'“
have multiplicity 12. Again, although these functions
Also have a certain attractiveness it is better to use
>, Mttt =) C (13 + 13+ 13)? >, Aimy it =3)Cy(t+ 13+ 13y
jkim Jjkim
J+C;%(2t§—t1—t2) (ti+13+1)) + (G323 13—13) (t1+13+1))
+C3(i—1) 1+ 3+ 1)+ Ci2n) 11+ 13+1)) TGt —13) 3+ 13+1)
+ Cs2t4t5) (11+13+13) + Co(2t,15) (114134 19) +($)Ca2t11y) (2 + 13+ 10) +(HCs218s) (13 + 13+ 13)
+Cy(6t1t3—t1— 1)+ Cy(6tit3 —11—13) +(§)Cs2t2t3) (11 +13+13)
+ Co(615t3— 15— 19 + C1o(dtat)) (13 —-313) + 253+ 13+ 13D — (e i+ 13+ 13)7
+Cu(dnt,) (1330 + Ciy(dsst,) (13 -313) +Ca(3) [3513-30e3(e 3 + 13+ 1) +3(e 1+ 13+ 1307
+Crs(dnts) (5-313) + Cru(dtst) (3-3tD) +Co(t -1 13-+ 13+ 13)]
+Cs(4tts) (13—3tD) +Co(2t48) [T15— (13 + 13+ 13)] + Cy (A1) (15— 13)
making + Cr(dt3ty) Bt3— 1) + Cps(dt3ty) (t5—13)
KM =@3)C1—-3C,+C3—C7—Cs, + Cra(4t3ty) (3ti—13) + Cis(dt3ty) (£5—13) (16)
Y2 = (3)C,—1C;— Ci—C)—C}, where
HBIB=(HC,+C3,—Cy—Cy, 10022634+ 123+ 133 - 2(e2 + 13+ 122 = (6t 2t3— 1t —13)
WP =F)C-@F)C3+Cy, +(6t{t3— 11—+ (61313 —13—1),
KB =(HC+({C+R)C3+Cy 3508 —3003(13+ 13+ 1)+ 3(e2 + 13+ 122

HAB=1C +(4)Ci—(2)Ci+Ch =(6tt5—t3—13)— 46122 -1t —19)
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—4(6t3t3~13-13),
(=) (782 = (13 + 13 +13)]
=(6212— 4 — 1) — (61212 —ti—1%),
246[7115— (13 + 15+ 13)]
=[41,1,(3t3— 1)) +45,1,3t3—1D)]/2,
4ty (t2—13) =4n,6,(3t3— 13) — 40,1, (33— 1) .
Thus
K =F)C - RC+($C—2C;+(9)Cs— Gy,
w2 =3C—HC—(§HC—2C+(HCs+ Co
B =) C,+(§)C,—2C;+(38)Cs
K2 =F)C—HC+C+(3)Cs s
KB =(HC,+ (D Co+ RCs+ C;—(HCs+ Co,
423 = (DC 4 (&) Co— B Cs+ C— (B)Cs— Gy,
C1 = Ci ’
C,=C;—-Cy,
Ci=4(C{-C3),
C;=(3) (8C1+C3+Cy),
Cs=342C;—Ce—Cy),
Co=4(C5~Cy)
and
2B =(D)Cy+Cpp, (P32 =F)C5+Cyy,
UBU=(3)C+Cpy, “kM=(3)Cy,—3Cy+Cyy,
B =(3)C5—Cp,— Cp3, (P2=(3)Cs—Cy—Cis,
W2 =(3)Cy—1Co—Cyy, P2 =(3)Cs+Cy,
42333 _ (%)Cs +Cis, Cy= %(4}{1211 _ 4K1222) ,
C4=C;' ’ C5=C; s C6=C;I P (17)

where Cy,C;,C4,Co,C{,C5,C5,Cy,Cy,Cq¢ are pre-
viously defined, see (15).

If we make the pth axial system coincide with the
imposed point symmetry as before then we only need
to refine the parameters in Table 3. We note for the
case of 4/mmm symmetry a single parameter C; may
be used if C;=Cgz=C,y whereas if Cg=Cy=0 then
C=@)Cr.

Table 3. C parameters to be refined
Laue symmetry Parameters

T C1CyC3C4C5C6C1C3CoC10C11 C12C13C1aCs
2/m CiC,C3Cy C7CCoC10Cra

mmm C,C,Cs C;C3Co

é/m C,C, C:Cy Cu

3 GG, Gy Co Cu
4/mmm C,C, C;Cs

?m C1C2 Cs C14
6/m, 6/mmm C,C, Cs

m3, m3m Cy G,

The interpretation of the parameters 4; (i=1 to 6),
B; (i=1 to 10), and C; (i=1 to 15) may be readily
understood using the Edgeworth expansion of the
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probability density function (Johnson, 1970; Rae,
1975a). The probability density can be defined as an
expansion

Y()~[1+ 2 0,;(w)]¥y(u)

using up to the (m+2)th cumulant. Rae (19754) has
pointed out that if the normal distribution

12
¥,(u) = E%-g?ﬁw exp {—1% Jzk: (! —x9)(uF — x4}

is chosen such that
1)) = 1K’—x’=% Z 3Kﬂdpm
7

and
ZA]k — ZKJk - a-jk =i_ Z 4K,Iklmplm
Im

where

Z o*p=06;,

k
then

0,(u)= % Z *wMZ,2,Z,
* Jkl

where

Z.i=§k:pjk(uk—xk) ’

S 9rZ,Z,

1 .
0,(w)= a ﬂg 4’Cj“ijZleZm -%
m Jk

+4 D > M Iern(Z,7,7,7,2, 7,

Jjkl  par
—9Z,Z,2,Z,p,+18Z;Z ,prqP1r— 6D ;pPrgPir)
(18)

and the position u=x is a position of maximum prob-
ability of value ¥ (x) to a very good approximation.

We note that if the parameters 4, to 4, are zero then
the parameters B, to By, make no contribution to ‘A
and the parameters C, to C;s make no contribution to
2} in (18). In this instance

I2'=BJ24,, A*=B,/24,,

(AN +2)224-2)3)/3=C, /44, ,

2133__(2111_*_2122*_2/‘[33)/3 = C2/4A1 ,

(At — 2/122)/ 2=Cs/44, , 2A=Cyf44, ,

PB=C5/44,, 2AB=C4/44, . (19)

Also Z; is simply (#/—r/)/4; and the shapes as-
sociated with the terms B;, C; in (13) and (16) are ob-
’gained by replacing ¢; by (u/—rJ)/A, for incorporation
" I(*“l(fr)'the case when A4, to A¢ are non-zero, Rae (1975a)

has suggested modified expressions to replace the terms
involving B, to B; and C; to Cs. It is noted that

3, jkl, _1
¥ Z M =14
7]

1/‘[’3 = B3/2A1 ’

if
3, K = (2) (MM +1 kg + 1)1 )
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where 3x,’*! is the component of 3c/* that leads to a non-
zero value of A. We can then retain the expression
1)J=B;24, from (19) if we replace the terms
> 3)Bjt,(t1+13+13) in (13) by
=1

3

> k=2 (3Bt > oMt Ay .
k1 = K

(20)

Likewise it is noted that
lek = i_ 4K.1jklmpl
,% m

4K{klm —_ (%) (ijka-lm + Zleo.jk +2;\jlo.km
+ 2;\kmo.jl + ZXklO.jm + Zijo.kl)
where
=24 (o S Ay -
Im
Now if we define 2§ and A as A{'=4,>1*p,, and
k
zﬂ = Alngkpkl then
A=A+ AP+ 23 =28 — (3" + A7+ 433,
(' —21)2=(F-23))2,

201=27, 2iP=2i, 2iB=21%

but
(M + A2+ A)3=() (3 +AF+I)3 .
We can obtain a modified version of (19), namely
CA? +2A2 +229)/3=Cy/44, ,
P A+ PR3 = Cofd Ay
CA =2 2=C5/44,, 241*=C,[44,,

2AP3=Cs/44,, 2i3=Cl44,, 1)

if we replace the terms corresponding to C,; to Cs in
(16) by

2 4K{klmtjtktltm=(—27—4) Z ijktjtk Z a'mtltm N
Jkim Jk fm

Substituting > 44"/ A4, for A*, we obtain
n

> Awfeme ittty
jkim
=[3)C, z ot it + ($) C3( Z 30¥t5t;— Z a¥t;t)
Jjk J Jk
+($)Cs E (6Yt,t;—a¥t,t))
J
+()Cs O, (oMt +0%1t))
Jj
+(§)Cs D, (oY1t +0¥1,t))
J

+#$Cs z (6¥t:t5+ 038,81 % D, '™ 1,1,/ A3, (22)
J im

where symmetry constraints apply exactly as before.
We may describe the Fourier transform of the prob-
ability density function ¥(u) as a product

REFINEMENT USING A NUMBER OF ORTHONORMAL AXIAL SYSTEMS

o=

v—

=y, (O, ,

exp (it . w)¥ (u)du'dutdi®

where

W, (t) = Sio s Swmexp [it . @—D)]¥,(u—r)du*du?de?,

Soo exp (it . r) ¥,(r)drdridr?

—00

wo={"_...
and

'P(u):Soj ST Y- P,mdridrdrs.  (23)

We can of course only observe the overall transform
w(t) and not the components y,(t) and w,(t). How-
ever this separation can be useful to distinguish inter-
nal molecular motions from rigid-body motions. The
former are calculable from spectroscopic results and
are generally of smaller mean-square amplitude. Equa-
tions (21) and (22) make corrections for A/ and 2A%*
for an overall probability density function ¥(u). How-
ever the overall cumulant terms associated with par-
ameters B, to By, and C,; to C,, are more likely to be
associated with internal molecular motions and there
seems little reason to alter the form of these expressions
from that in (13) and (16).

It is also possible to describe the electron density
of an atom as the sum of two electron densities, one
for the inner-shell electrons and the other for outer-
shell electrons. The means of these two distributions
need not coincide. The outer-shell electrons may be
described using cumulants which are not the same as
for the inner-shell electrons, and if we describe the
Fourier transform of the probability density function
for the outer-shell electrons as y,(t)y,(t) where w,(t)
is obtained from the cumulants for the inner-shell
electrons, then the factor w,(t) describes the perturba-
tion of a stationary outer shell of electrons associated
with the atom’s environment. The ability to choose
axial systems to facilitate constrained refinement en-
ables a limited number of meaningful parameters to
be used to describe this perturbation. If y(t)=1 the
mean of the unperturbed outer shell of electrons moves
during vibration so as to be coincident with the mean
of the inner-shell electrons.

Rigid-body motions of groups of atoms

Schomaker & Trueblood (1968) have indicated how the
thermal vibrations of a molecule may be analysed on
the assumption that the major contributions to the
molecule’s motion arise from motion of the molecule
as a rigid unit. Johnson (1970) has discussed the use
of a segmented-body analysis to describe pieces of a
molecule moving as a rigid unit. Uncorrelated motions
may be treated by regarding the temperature factor of
an atom as the product of more than one temperature
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factor, see (23). Thus one can include factors obtained
from spectroscopic information and from uncorrelated
motions of rigid groups of atoms containing various
numbers of atoms. The freedom to choose the origin
and direction of the reference frame of axes makes con-
strained refinement easier, as a specific choice of axial
system and rigid-body motion greatly reduces the num-
ber of refinable parameters. A lattice-dynamical treat-
ment of molecular rigid-body vibration tensors (Sche-
ringer, 1973) shows that an axial system correspond-
ing to the principal inertial axes centred at the centre
of mass is the ideal axial system for isolated molecules
or ions in a crystal. Such a choice of axial system is
unique. Busing & Levy (1964) have discussed the effect
of thermal motion on bond-length estimates, emphasiz-
ing that the joint distribution of the motions of the
atoms must be known or assumed if proper correc-
tions are to be made. Corrections for the displacement
of the mean from the position of maximum probability
using (19) and (20) can be imposed on the form of the
temperature factor if so desired.

Following the procedure of Schomaker & Trueblood
(1968), the average motion of an atom at r,=>7X% A,

k

is given by
PU =D PA P XEPX ] PB WP X+ 2T,
ij Z ijkl n n+ z ijk n+ i1j
kI k

where
P4 ijkl = Z gimkgjnlmen

mn

and
PBij = Z Eink”Sny + €jui”Sni) -
n

The superscript p indicates the pth reference frame
but will be omitted since (25) and (26) are not depen-
dent on the axial system; we will always assume we
are using the most convenient axial system. In par-
ticular for the nth atom

Un =L22X,3,X,3, + L33X3X:_ 2L23X'%Xﬁ + Szl2X$

—832X2+ Ty,
Up=-— L33X§X,3—L12X;°;Xﬁ + L13X,2.X3 + L23X11:X3
— (81— S X5+ S5 Xi— S X5+ Ty, ete. (24)
Rae (1975b) has shown that all meaningful constraints

on the TLS model can be achieved by judicious choice
of axial system and using the variables

Dy=(Lyy+Ly+Lss)/3, Dy=Lyz—(Lyy+Ly+Las)/3,

D3=(L11—L22)/2 » Dy=Ly,, Ds=L;z, De=Ly,
E1=(Tu + T+ T5)/3, Ey=Ts—(Ty+ T+ T5)/3,
Ey=(Ty,—T3)2, E=Ty,, Es=T;s, E=Tx;,
Fi=Cp3Spu— C32S32 s Fp=0C3S3 — C13S13 P
F3=C;381,— CyuSu s Fy=C3853+ Cy383,
Fs=Cy3831+ C34S13,  Fo=Cy1S12+ C12S%
Fi=(283—81—52)/2, F=S8,—-S5,

where Cj+C3=1. (25)
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We note that Sy, + S5, + 553 cannot to be determined.
The expression DU, t;t; can then be written as

> Ugjtity=Dy(13+13+13) + D2t — 13— 13)]2

+ Dy(12— 12+ 2D 1,1, + 2Dsl 113 + 2 Dgtots

+E(t4+ 13+ 1)+ E(2t3— 12 —12)2 + Ex(t3—13)

+ 2E t,t,+ 2Est ts + 2Egtyts + 2F(Coslats — Caolaly)

+2F,(Cytst; — C13;1t3) +2Fy(Cyotyt, — Cortrty)

+2F,(Cyptyty+ Costsly) + 2F(Cyststy + Carlits)

+2F(Cylit, + th;zt1)+2F7;3t3+Fs(}1t1 —ht),
where
h=X4—X3,, L=X3—Xi and
L=Xi— X2, . (26)
If the axial system is chosen to be parallel to the prin-
cipal libration axes then the definition of C;; as C;;=
Ly /(L%+ L3))Y* allows the parameters F; to Fy to be
associated with the axial system that best describes
the average motion (Rae, 1975b). Symmetry constraints
on D, E;, i=1 to 6 are those of 4, to Ag in (11). If
we choose our axial directions PA, to coincide with
the imposed point symmetry (primary axis=’A; and,
if applicable, secondary axis="A,), then we only need

to refine the independent F; parameters given in
Table 4.

Table 4. F parameters to be refined

Point group Parameters
1 F\.FFF,FsF;F,Fg
2 F; F,F,F;
m Fle F4F5
222 F,F;
mm2 F; Fs
3,4.6 F; F,
3 Fy F
32, 422, 622 F,
3m, 4mm, 6mm F;

2m Fg
6, 6m2, 23, 432, 43m, T None

It is not necessary to refine positional parameters
using the same axial system. Likewise, not all thermal
parameters need be defined with respect to the same
axial system. As seen from (5), it is only necessary to
define the axial system used to define the gth param-
eter. Choice of axial system allows sensible con-
strained refinement to be simply the choice to refine
or not to refine a parameter.

The interpretation of the TLS description of rigid-
body motion uses an axial system parallel to the prin-
cipal axes of the L tensor located at the centre of ac-
tion, which is defined as the unique point which makes
S;;=S;;. Parameters T;;,L;;,S;; where >S;; is un-

I3

determinable are obtained using the pth axial system
PA,=>PU;;A; located at > X§A;. The principal axes
i i
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of the L tensor are defined relative to this axial sys-
tem as "Ak—z"ij"Aj—Z UuA, where PUp=

Z”U“”Vﬂ Keepmg the orlgm fixed we redefine the
T L,S tensors for the PA, axis system as
kal—Z TU Vi? ij s pSI’cl=Z S;j VP VJ

ij
kal_ z Llj Vzk VJI 1)
i
0 for k1. As z&,,PVm V, =0y, it is seen
that the assumption of a zero value for ZSi ; does not
ij
alter the values of »S;; and »S;;—?S; when i#j.
The 24, axes are then relocated at

ZXOA,-=ZX0A¢+Z"X'(§ PA,,
i 7 x

where PL,, =

where
PX§= Z €i”S 1/(°Liy+7L5;)
ij
and

X’(§=X(l;+zpﬁikpX5~
k

This redefines the elements of the TLS tensors (Rae,
1975b) as

?Lij="Li;, *S:i;="Su;=(L,*S;+"L;?S})/
(PLy+7L;;) for i#j, »8,—7rS,=2S,-7S};,
*Ty =PTy,—[— 2785, P X3+ 2785, P X3+ 2L,,P X3 P X3
+PL3P X5 P XY

PT1="T 1, —[(°S1 — 7S5 X3 — P83, X § + PS5, X 2

— 2L PXIPXE]  ese., 27

where the terms in square brackets are obtained from
the previous equations and the remaining values of
T;; and *T;, ;; are obtained by permutation of indices.
We thus obtain new starting parameters for the next

refinement cycle. The position of the nth atom at
ZX,fAi with respect to the pth axial system PA, at

SXIA, is given by SPXkr A, where PXk=3(Xi-—
i k i

$P U, for the evaluation of 7, values in (26).

It has been shown (Rae, 1975b) that the TLX con-
straint is equivalent to setting F;=0, i=4 to 8 in this
localized axial system and the application of this con-
straint at this stage does not alter the values of U,; +
U,,+ Us; for any atom. Nor does it alter the displace-
ment of the mean from the position of maximum
probability for any atom.

Correction of interatomic distances

Approximations of these corrections have been sum-
marized by Johnson & Levy (1974). Rae (1975a) has
shown how a displacement of the mean of the prob-
ability distribution of an atom from the position of
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maximum probability may be described using param-
eters By, B,, B; [see (21)] where 'A! is the component
of the displacement on the ith direction and is given
by B;/2A4,, i=1 to 3. The mean-square motion of an
atomin arigid group may be considered to arise from six
non-covariant contributions, i.e. three screw rotations
and three translations. For the origin at SX{A; the

screw rotations may be described as parallel to the
principal axes of the L tensor but displaced from this
origin by amounts given by the parameters F,, Fs, Fg
(Rae, 1975b).

However the displacement of the mean from the
position of maximum probability for the nth atom is
only dependent on the libration tensor L and the dis-
tance from the centre of action. For the principal axis
system PA, at SX A, this is given by

i

Plk= —PXNPL,+PL;)2, (i#j#k), (28)

where ?X1,7X27X3 is the position of maximum prob-
ability and "A"—"X" ?XE where PX1,7X2?X3 is the
position of the mean relatlve to the locallzcd origin.

Riding motions

The total correction of atom positions for libration is
evaluated as the vector sum of corrections for individ-
ual uncorrelated components of each mode seeing an
atom at the mean position for all other modes. The
most probable position is regarded as being where all
amplitudes of vibration and libration are zero. For
example, an H atom on a phenyl ring may be thought
to have an extra libration component in excess of the
C atoms with a centre of action at the mean position
of the adjacent C atom. Thus the component of !4
along the C-H bond direction arising from this motion
is given by —a/2d where d is the bond distance and «
is the mean-square displacement of the H atom normal
to the bond in excess of that predicted assuming the
H atom has no excess libration. The contribution of
those higher-frequency normal modes which do not
maintain the rigid nature of the phenyl group may be
evaluated spectroscopically and thus the corrections
for excess vibration of H atoms in the phenyl group
may be made empirically.

The use of segmented-body analysis (Johnson, 1970)
with constraints on the TLS model for each segment
may require the superposition of a number of correc-
tions such as given in (28). However the use of con-
straints on the principal axes of libration and the centre
of action presupposes a knowledge of intersegment
correlation. It should be noted that a TLX constraint
does not alter the value of Uy, + U, + Us; for any atom,
nor does it alter the displacement of the mean from
the position of maximum probability for any atom and
is often sufficient constraint for small segments to ob-
tain sensible refinements and hence sensible values of
). The use of variable parameters B, B,, B; for an
atom completcly avoids the need for rigid-body models
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to try and obtain correct atomic positions. However
rigid-body models use far fewer variable parameters.

Constrained refinement

If we have two different sets of » linearly independent
real variables related by the transformation

Auj= Z Pydv,, (29)
k=1

then changing variables causes the least-squares equa-
tion

z AUAuj=B,
j=1

to become
z P Ay Pydo,= ZPﬁ or
Jkd=1
> Cydv,=D,, (i=1ton). (30)

If the (m+ 1)th to nth variables Av, are constrained
to have certain fixed values then we solve the m equa-
tions

n
z C“AUI, i'—'l to m
I=m+1

Z Cydv,=D;— @31
=1

and evaluate values of 4u; using (29).

If the differentials d/du; refer to single-atom param-
eters, the transformation to (30) may be done either
after the evaluation of A4;; or directly using differen-
tials 8/3vk—z ' x0[0u;.

The transformatlon matrix Pj; can be generated
from an auxiliary program and provision made for a
transformation of the type (29), (30), and (31) to be
standard procedure. By arranging the sequence of the
variables Au; it is possible to block-diagonalize the
matrix P,.

Positional-parameter constraints

It is possible to refine changes in internal coordinates
rather than positional parameters. The use of an or-
thonormal axial system to describe positional param-
eters allows the application of concepts used for the
analysis of normal-mode analysis of vibration (Wilson,
Decius & Cross, 1955). If we have N atoms we have
3N degrees of freedom to describe changes in posi-
tional parameters. The change in the tth internal co-

ZB Ar; where B,;=(0s,/

or;)o, Where r; is a positlonal parameter Xin=1to N,
i=1 to 3) and the subscript 0 implies evaluation for
all 4s,=0. Thus

ordinate is given by As,=

IN
= Z (B_l)tjAS' P}
t=1
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provided we pick a set of 3N linearly independent in-
ternal coordinates and

3N
(919s:)o= Zl (B=1:(9/0r )0

allowing the concepts of (29), (30), (31) to be applied.
Values of (3/35,)0 for rotation and translation param-
eters (¢; and X{) have been given earlier in (8).

It should be noted that s, can be a linear combina-
tion of bond lengths or bond angles. Bonds can be
made equivalent by constraining the difference be-
tween the bond lengths to change by an amount to
make the bond lengths equal. If a symmetry con-
straint is imposed the only non-zero changes in inter-
nal coordinates are those which maintain the equiv-
alence required by symmetry.

The B! matrix is of dimension 3N so that ways
of reducing storage requirements warrant considera-
tion. One method is to use artificially created displace-
ment modes, v,, so that 4r;=3 R;,4v, where R, gives

the value of Ar; when Av,= 1': Av,, =0 (m#n). Thus
(3/81),,)0=ZR n(0/0F )o. These modes are created in such

]
a way that the nth mode does not alter the (n+1)th
to 3Nth internal coordinates and need only involve as
many non-zero values of R, as necessary to make this

ZS,,, where S,,,—— Z B,;R;, if

the amount the zth 1nterna1 coordinate changes when
Av,=1, Av,=0(m#n). Constraints are then imposed
by giving the (m+1)thto 3N th values of 4v, fixed values.

It is possible to cut the structure up into segments
where no constraints are imposed on the linkages be-
tween segments. This enables any constraint to be im-
posed within segments and enables the most con-
venient axial system to be chosen for each segment.
For example if certain atoms in a segment are con-
strained to be planar an axial system may be chosen
so that X3 =0 for these atoms. The axial system may
be refined by allowing X3, ¢; and ¢, to change value.
An atom on a special position such as x,x,z may be
refined by defining an axial system rather than writing
a patch for the least-squares program. The axes are
chosen so that the allowed degrees of freedom for such
an atom correspond to changes in axial directions.

It is also possible to achieve equivalence between
comparable groups of atoms by the use of pseudosym-
metry operators. We define a different axial system for
each segment in such a way that the position of an
atom in segment 1 relative to the axial system for seg-
ment 1 is equal to the position of an atom in segment
2 relative to the axial system for segment 2. A change
in atom positions within a segment relative to its axial
system is then common to the two segments if equiv-
alence is to be maintained. It is seen from (5) for the
evaluation of dF(S)/du, it is only necessary to say that
the parameter u, describing the »’th atom is the same
as the parameter u, describing the nth atom for the

possible. We note 4s,=
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value of dF(S)/0u, to be an easily programmed quan-
tity.

The orientation and location of the axial system for
a segment relative to its initial position are refinable
parameters. Linear independence of variables must be
considered since it is not possible to refine simulta-
neously all atom positions in a segment as well as all
the axial systems. This problem can be avoided if the
axial system for one segment is fixed.

A special case of equivalent segment constraint is
when a molecule of inherent symmetry is located at a
position of lower symmetry in the unit cell. The in-
herent symmetry can be imposed as a constraint by
describing each pseudo-equivalent segment by its own
axial system. All these axial systems have a common
origin and have a fixed relationship to a reference axial
system ?A, at the same origin >?X{ ?A;. Changes in

J

the atom positions within a segment relative to its
axial system are then common to all segments. How-
ever only the orientation and location of the reference
axial system PA; can be refined if the symmetry con-
straint is to be observed. This axial system is refined
relative to its initial position using initial positions de-
scribed in the PA; axial system for the pseudo-equiv-
alent atoms.

Conclusion

It has been shown that it is possible to write a program
for least-squares refinement so that meaningful con-
straints can be applied by simply deciding whether or
not to refine certain standard parameters. This choice
is made possible by the use of a number of orthonormal
axial systems. The systematic removal of constraints
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is also possible in such a system and the significance
of those parameters which remove a constraint is more
easily assessed.
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A simpler derivation of the equations of Schomaker & Trueblood [Acta Cryst. (1968). B24, 63-76] is
given. It is shown that the ready interpretation of the meaningfulness of refinable parameters is best
achieved by selecting the centre of action as origin and describing the motion with parameters defined
relative to the principal axes of libration. A choice of 20 variables is made so that all meaningful con-
straints on the TLS model correspond to certain of the variables having zero value. It is shown that the
five parameters that distinguish the TLS model from the TLX model do not alter the mean-square dis-
placement of any atom. Neither do they alter the displacement of the mean from the position of

maximum probability for any atom.

Introduction

There is an unfortunate tendency in X-ray crystallogra-
phy always to describe structures relative to crystal-

lographic axes. If a non-crystallographic axial system
is used to describe some feature of a crystal structure
then it is only necessary to know the relationship of
the origin and orientation of the axial system with



